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IX. On the Surface-Tension of Liquids Investigated by the Method of Jet

Vibration.*
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342 MR. P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

INTRODUCTION.

Amoneg the large number of methods available for the determination of the surface-
tension of liquids that proposed by Lord Ravieiea® stands out with great
fundamental advantages. The principle is as follows :—A jet of liquid issuing from a
not circular aperture is executing transverse vibrations about its cylindrical con-
figuration of equilibrium. Since the phase of vibration depends upon the time
elapsed, it is always the same at the same point in space, and thus the motion is
steady and the boundary of the jet a fixed surface showing stationary waves.

Measurements of the corresponding wave-length (X), the velocity (V), and cross-
section (A) of the jet, together with the density (p) of the liquid afford the necessary
constants for the calculation of the capillary-tension (T) according to Lord RAVLEIGH'S
theory of jet-vibration.

The method is free from every supposition respecting the angle of contact. This
advantage, however, it has in common with several other methods, especially the
following :—

The method of reflection proposed by R. E61vost and also used by D. Perir} and
G. ZEMPLEN.§

The method of ripples|| that has been used very much in recent times.

The method of maximum pressure of small air-bubbles proposed by M. Cantorf
and further developed by R. FrusTEL **

Another advantage of Lord RavLEiGH'S method is that the surface in use is
continually renewed. In this manner the capillary-tension can be determined before
the surface is 145 second old.  This circumstance is of very great importance, as the

* Lord RaYLEIGH, ‘Roy. Soc. Proc.,” 29, p. 71, 1879 (‘Papers L.," p. 377).

T R. BoTvos,  WIED. Ann.,” 27, p. 448, 1886.

1 PEKAR, ¢ Zeitschr. f. phys. Chem.,” 39, p. 433, 1902.

§ G ZeEMPLEN, ‘Ann. d. Phys.,’ 20, p. 783, 1906.

I See for instance : L. MATTHIESEN, ¢ Pogg. Ann.,” 134, p. 107, 1868 ; 141, p. 375, 1870; ¢ WIED. Ann.,’
32, p. 626, 1887; 38, p. 118, 1889. A. ARENDT, ‘Rep. d. Phys.,’” 24, p. 318, 1888. KELVIN, ‘ Phil. Mag.,’
42, p. 368, 1871 ; ¢ Baltimore Lectures,” App. G., London, 1904. Lord RAvrrich, < Phil. Mag.,’ 16, p. 50,
1883 (¢ Papers IL.,” p. 212); ¢ Phil. Mag.,’ 30, p. 386, 1890 (‘ Papers I11.,” p. 383). J. H. ViNcENT, ¢Phil.
Mag.,” 43, p. 411, 1897. N. E. Dorsgy, ‘Phil. Mag.,” 44, pp. 134, 369, 1897. J. A. Craw, in A, Gray,
¢ A Treatise on Physics,’ vol. L, p. 659, London, 1901. L. GrunmacH, ‘Verh. d. Deutsch. phys. Ges.,’ I,
p- 13, 1889 ; ¢Ber. d. Akad. d. Wiss.,” Berlin, p. 829, 1900, and p. 914, 1901; ¢Ann. d. Phys.’ 3, p. 659,
1900; 4, p. 867, 1901; 6, p. 559, 1901; 7, p. 236, 1902; 9, p. 1261, 1902 ; 15, p. 401, 1904 ; *Festschr.,’
1. BorrzmANN, p. 460, 1904; ¢Wiss. Abh. d. K. Norm.-Aich.-Komm.,” Heft IIL, p. 101, 1902.
KALAuNE, ¢Ann. d. Phys.,’” 7, p. 440, 1902. A. BRUMMER, ¢ Dissertation,” Berlin, 1902. K. LOEWENFELD,
¢ Digsertation,” Berlin, 1905. '

9 M. CANTOR, ¢ WIED. Ann.,” 47, p. 399, 1892; <Anmn. d. Phys.,” 7, p. 698, 1992,

*¥* R. FEUSTEL, ‘ Ann. d. Phys.,” 16, p. 61, 1905. .
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INVESTIGATED BY THE METHOD OF JET VIBRATION. 343

main reason of the great discrepancies the different determinations of the surface-
tension show in relation to each other is certainly to be found in the variable
condition of the tested surface. ~These irregularities could arise from impurities, for
example, fat, oil, or similar substances, even the smallest portion of which is able to
produce a great alteration in the surface-tension. Thus Lord RAvLEIGH® has proved
that a film of oil not thicker than 2x107® mm. reduces the surface-tension of
water about 28 per cent., and the same author has laterf proved that an oil film of
even 1x 107 mm. produces a noticeable reduction in the capillary-tension of water.
W. C. RoONTGEN'S] experiments show that even an oil film of only 0°5x10™* mm. is
able to appreciably alter the condition of the surface. A. OBERBECKS has been able
to detect the existence of a film of oil that was only 0°3x107° mm. thick.

Apart from contamination, the surface can undergo different changes of a chemical
and physical nature. In this manner the fluid with which the surface is in contact
can cause a chemical change in it. If the liquid under examination is a mixture or a
solution the concentration at the surface will in many cases be different from that in
the interior.

From the above it is clear that the surface-tension of a liquid is, as a rule, not
constant, but varies with the time that has elapsed from the formation of the surface.
The value of the capillary-tension, immediately after the formation of the surface, I
propose to call the ““initial value,” while the value of the capillary-tension, when the
surface is sufficiently old, is called the ““ stationary value.” Most of the methods for
the determination of the surface-tension give values differing from these two limiting
values, but it is just these two limiting values that have the greatest interest. Of
these the stationary value is of importance in many practical cases, but from a
theoretical standpoint the initial value is, without doubt, of the greater interest, as it
must stand in a more simple relation to the properties of the liquid than the
stationary value, which is dependent upon alien conditions.

With the other methods of measuring, attempts have also been made to work with
quite fresh surfaces. GruNMACH, BrUMMER and LoEWENFELD have adopted a
method of obtaining pure liquid surfaces originally proposed by RoénteEN.| The
principle of the method is, that the liquid is conducted from below through the neck
of a funnel over the upper horizontal edge of which the liquid flows. Thi§ method,
however, does not appear to be applicable to all cases (see GrRUNMACH, ‘ Wiss. Abh.
d. K. Norm.-Aich.-Komm.,” Heft IIIL, “Experiments with Mercury”), and has at
least two faults, firstly, that when the surfuce renewal takes place somewhat quickly,

* Lord RavLElGH, ‘Roy. Soc. Proc.,” 48, p. 364 (‘Papers IIL, p. 345); ¢Phil. Mag.,” 30, p. 386, 1890
{*Papers 1IL, p. 383).

t Lord RavirieH, ¢ Phil. Mag.,’ 48, p. 321, 1899 (‘ Papers IV., p. 415)

1 RONTGEN, ¢ WIiED. Ann.,’ 41, p. 321, 1890.

§ OBERBECK, ‘ WIED. Ann.,” 49, p. 366, 1893.

|| RONTGEN, ¢ WIED. Ann.,” 46, p. 152, 1892.
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344 MR. P. 0. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

it so easily causes inconvenient currents in the liquid; secondly, the renewal is
slowest in the middle of the surface, just at the place which is the subject of the
measurement.

FeusteL* asserts that the method of maximum pressure of small air-bubbles also
gives the tension of a surface that is continually renewed. To this, however, may be
replied that the renewal takes place, and must take place, very slowly. If the air-
bubbles are produced quickly, the maximum pressure becomes dependent upon the
speed with which they are produced. '

It will be seen that the surface renewal takes place by Lord RayLErGH'S method in
a much more effective manner than is possible with the other methods.

Notwithstanding the undoubted fundamental advantages of this method, it has
been used in very few cases, for besides Lord RavLeieuT it has only been applied by
F. Procarpn] and G. MEYER.y Of these Piccarp has made use of the method for the
determination of the relative values of the surface-tension of ether, water, alcohol and
mercury, but his measurements were carried out with so great an amplitude of
vibration (see the plates of his paper, especially Plate VIIL, figs. 14, 28 and 29, and
Plate X., Photographs 10 and 11) that his results are of very insignificant importance.
MevERr has only measured the relative values of the surface-tension of mercury under
various conditions.

The explanation of the little use that has been made of this method is to be found
in the great difticulties connected with adequate exact determination of the wave-
length and cross-section or velocity of the jet. It may be at once remarked here that
none of the methods previously used for the determination of these quantities can be
taken as satisfactory. It has, therefore, been of the first importance to work out
really good methods for the measurements of these quantities.

All the following measurements described here are carried out at ordinary laboratory
temperatures.

Even if this method is not so convenient in practice as some of* the other methods,
that is no great drawback. What is needed in this field of investigation is not any
further accumulation of many different measurements, but some more reliable results.
Similar reasons have caused the method of ripples, which is just as complicated, to be
used a gréat deal of late.

Theory of the Vibration of a Jet about wts Cylindrical Form of Equilibrium.

§1. Before entering into the description of the experimental part of this work it is
necessary to set forth a few preliminary remarks on the theory of jet vibrations.

* FEUSTEL, loc. cit.

T RAYLEIGH, ‘Roy. Soc. Proc.,” 29, p. 71, 1879 (‘Papers I, p. 377); ‘Roy. Soc. Proc.,” 47, p. 281, 1890
(“ Papers 1I1.," p. 341).

1 ¥. Procarp, ¢ Archives d. Sc. Phys. et Nat.,’ (3), 24, p. 561, 1890 (Geneve).

§ MEYER, ¢ WIED. Ann.,” 66, p. 523, 1898. ,
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INVESTIGATED BY THE METHOD OF JET VIBRATION. 345
It will be convenient to set out together the meaning of the symbols employed :—

V = velocity of the jet (cm./sec.).

A = cross-section of the jet (cm.?).

p = density of liquid (gm./cm.?).

T = surface-tension (dynefcm.).

Q = VA = discharge of the jet (cm.’/sec.).

\, = 2ufk = wave-length corresponding to the vibration determined by for-
mula (1) (em.).

In(m) _ sg&o ',Bn+2s I/n<m) _ M.

o 27E TL(s). I (n+s)’ - da

Let us suppose that the polar equation of the surface of the jet is

r=a+b,cosng.coskz . . . . . . . . . (1)

n is an integer greater than 1. The jet is here and in the sequel regarded as
horizontal and the plane ¢ = 0 is also horizontal. According to Lord RaviEieH's*
theory the surface-tension is determined by

_am Lak) | VEA™ Q
T APt —1"akl, (ak) p- N2 pu (k) - - A oNE T (2)
where _
N v 1, (ak)
pn (k) = @’k +n*=1"akl, (ak)” =~ (3)-

Vibrations corresponding to different values of % in (1) will be independent of each
other. » .
The development of Lord RAvLEIGH'S theory rests upon certain suppositions,
Viz. — ‘

That the deviations from the circular-cylinder form are exceedingly small.
That the vibrations are executed without any loss of energy.

That the original velocity of the jet is the same over the whole cross-section.
That the surface-tension is constant.

&~ N

Each of these hypotheses will now be viewed somewhat closer individually :—

1. This hypothesis is, in practice, impossible to carry out, as it is precisely on the
basis of the divergence from a cylindrical form that it is possible to determine the
wave-length, and the smaller the divergence the more difficult the determination
becomes. To reduce the uncertainty resulting from this, I have investigated a jet of
the same liquid partly with large, and partly with proportionally small deviation from

* RayreicH, ‘Roy. Soc Proc.,’” 29, p. 71, 1879 (* Papers L, p. 377).
VOL. CCVIL—A. : 2 v
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346 MR. P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

the cylinder form, and I have similarly used a method for the measurement of the
wave-lengths that even permits of a really good determination for small divergences.
This matter is more fully considered later.

2. This hypothesis is also of great importance for the development of the theory,
but, on the other hand, not satisfactory in practice. The liquid has always some
viscosity even though, as in many cases, it is only small. It is, however, possible for
the most part to determine the influence of viscosity on the time of vibration, and
in this manner to correct the errors caused by it.

The calculation of this correction rests upon the following supposition, which will
be very nearly true as long as the viscosity is small :—

The harmonic vibration of the jet corresponding to the normal co-ordinate b, is
changed by the viscosity to a damped harmonic vibration.

Let the logarithmic decrement of the vibration be 8; we have then
N, = N+ /(1+8/47*),

where N, is the frequency of vibration with damping, N is the frequency without it.
For the determination of the surface-tension we have instead of (2) the following

equation
2

82
T=<1+2L;§).;Ln(a/c).p.A~1/—(2;—2.~);2. )

The experimental determination of 8 is described later.

3. The velocity of the thin jets investigated in this work will certainly be nearly
the same over the whole cross-section, and correspond to that calculated from the
cross-section and the discharge of the jet.

4. The surface-tension is in many cases dependent upon whether the surface
extends or contracts (compare, for example, the damping action of oil films on
waves) ; but with the fresh surfaces as used here the surface-tension is certainly very
nearly constant.

Calculation of the Coefficients w, ().

§ 2. The use of the formula [(2), § 1] for the determination of the surface-tension
demands the calculation of the coefficients p, (%) determined by the formula [(3),
§ 1], or B

4 L,
() = T @ )

T Prni—1 z. 1, (x) ~

Here
L, (x) = «J, (1),

where J, is the BrsseL’s function of the n'" order.
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INVESTIGATED BY THE METHOD OF JET VIBRATION, 347

Similarly I, (x) = d—Igl% In accordance with the theory of BrsseL's functions
we have

I,n = gI7L+In+ls I/n = In—-l— :g In; In |-1+ gﬁf' In_In—l = O . . . (2)'

Accordingly we have

o () = 4w I, 4/ 1

Prni—1 xl,_ ‘—-nt Zni—1 I,
O

By use of the last formula (2) the values of I, and I,, &ec., can be calculated from
Iy, I, and by substituting these in formula (3) we have u, ().

In order to facilitate the use of this method for the determination of surface-tension
I have calculated a table of the values of u, («) most commonly used. This table will
be found at the end of this paper, and contains the values of logy, u, (x) for n = 2, 8,
4, and 6 and for x = 0°00 to x = 1'00.

The details of the calculation of this table are given in my original paper.

(3).

n

Caleulation of the Vibration of a Jet.

§ 8. In accordance with Lord RayLeicH'S theory the vibration of a jet can now be
determined when the velocity and original cross-section is known, although, as pre-
viously emphasised, the theory is only available for small deviations from the cn'cular
form. ‘

The circumference at the original cross-section is determined by

T = C{/0+F(¢)) . . . . . . . . . . (1).
By help of FoURIER'S series this equation can be written as

7‘=0&0+Ebn cos(np+e,) . . . . . . . . (2),

n=2

when, if necessary, the value of a, is changed so that b, vanishes, and the origin of
co-ordinates is changed so that b, becomes zero.

‘Each term in (2) can be taken alone and the resulting vibration of the jet can be
calculated as the sum of all the vibrations corresponding to the different values of
in (2).

Thus it is only necessary to consider

7= ay+b,.cos(np+e) . . . . . . . . . (3)

The wave-length \, corresponding to the vibration (3) is, according to [(2), § 1],
N\ =0, x/,u,,, (k). . . . o oo (4),
C=p A V.T- .. . . . . . . (5)

where

is independent of n. ‘
2 Y2
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348 MR..P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

The determination of \, is easiest carried out in the following manner -

)\’n = (J"\/iu‘n (O) 5 }\",ﬂ = C * /\//'l’” <0&0 %) > )\”,n = (} . '\/!’Ln <CV’0 '}:Z—,;E> ’ &C-

In nearly all cases it will be sufficiently correct to take A, = N,
If there is only one vibration (3) present, the equation for the surface of the jet

will accordingly be
7 = ay+0, cos (nd+e,). cos (Zmz/\,).

If all the partial vibrations are taken in the same manner, we have, by the addition
of the results, the following equation for the surface of the jet

n=o0

r=ay+ 3 .0,.cos(nd+e,). cos(2mz/N,) . . . . . . (6)
As an example, we will here calculate the vibration of a jet the original cross-
section of which is an ellipse with the axis 2¢ and 2b = 2 (¢—9).
The polar equation of the ellipse is

o ab _ -0 7)
=3 a’sin’ g+b7cos’d  \/1—zcostp T T T T T (7),
where
2
x=2§—§~2.
a o

By expanding in series

r= (o9 {11+ =)+ i

+ 008 2¢. (3§ g+ 5500 H gy a e e A Te e vt e st b age v ol s 10 )
+oosde. (5 5 30+ o 3 h 0 e TR e R T eT s e s 100 )

-+ cos 6‘?”'(‘31’2“5‘{"%%903“}‘%‘({' ;ii:g Zx4+ 54152';:i i'.;: 190’1/54'351_55' ; :i:g:Z: 190 ]1;936’*‘ )
+ o8 8. (135 54 6 st one 5 a0 6 167 Fi0sd 1A 6 s ToTal )

By inserting = = 04 or §fa = 02254 in formula (8) this formula is reduced to
7= 07746c (1'1318+0°1440 cos 2¢+0'0138 cos 4¢
+0°0015 cos 6¢+00002 cos 8p+...) . . (9).

The further calculations are based upon the following constants: V = 240 cm./sec.,
A =0066 cm®, @ = 01647 cm., p= 1, and T =73 dynefem. The wave-lengths
corresponding to n = 2, 4, and 6, caleulated by the above given means, are

A =38932 cm.; A = 1227 cm.; A = 0'646 cm.
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The equation of the jet becomes then

27z 27z

= 0774 47 (1131 144

7 7746.0°16 7< 318+ 01440 cos 2¢ . 0033‘)524-001380084([) 00312274— >
27z 2z

= 0144 ‘0183 .
0144440 7 cos 2¢ cos3932+0 ‘001760 . cos 4¢. C08 1o
27z
0:0001913 . (10),
+0°0001913 cos 6¢ . cos0646+ (10)

from which the co-ordinates for every point of the surface of the jet can be calculated.
The profile line resulting from ¢ = 0 in (10) has special interest. This line is shown
in fig. 1. In order better to judge the form of the curves the height is enlarged

A

10cm.

Fig. 1.

-

0,lcm.

fifty times in relation to the length. It can be seen that the form of the curve is
mainly determined by the original vibration corresponding to 7 = 2, but that at the
same time also the other vibrations cause perceptible deviations.

In the measurements made by Lord RavrEeieH, Prccarp, and MEYER .the wave-
length \, is determined as the length between two successive summits of the profile
line of the jet. It can be seen in fig. 1, that this length can vary and deviate
somewhat from the wave-length A\. In order to illustrate the size of these
deviations for the jet corresponding to (10), drawings of the summits of the profile
line are shown in fig. 2. By calculation it is found that » is maximum for
2=0,z=23932—0'109 cm., z = 2. 3'932—0°171 cm., and z = 3. 3932+ 0211 cm.

As above stated, A\, = 3'932 cm.

The wave-lengths measured in this manner are

N1 = 3823 em.; AT = 3870 cm.; N = 4:314 cm.

The errors stated in per cent. of A, are respectivély —2'6, —1'6, and +9°7.
- The-error can be reduced by taking the mean value of several lengths. On the
other hand, the amplitudes of the supplementary vibrations have been greater in
proportion to the fundamental vibration with almost all the measurements up to now
than in the instance mentioned here.

Even with relative measurements as those made by MEYER¥ these reasons can

* MEYER, loc, cit,
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350 MR. P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

have weight, as the wave-lengths \;, A5, and A, are dependent upon the surface-
tension, and a slight variation, for example in /A, can to some extent alter the
wave-lengths measured.
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PRELIMINARY INVESTIGATIONS.
Arrangement for Keeping the Pressure Constant.

§ 4. Before I begin the description of the different measurements I will mention a
method for the production of a constant pressure by use of ordinary tap-water, as I
have used this means in almost all the preliminary investigations.

It has hitherto always been an inconvenience in experiments with jets that the
pressure varies continuously as the fluid runs out. To avoid this variation it is not
advisable to use the. simple method of renewing the quantity of discharge by a
corresponding inflow of fluid, as this arrangement produces disturbances in the fluid
mass, causing irregularities in the jet. All those who have worked with jets know
how great is the demand for rest in the reservoir, and how exceedingly sensitive the
jets are to external influence. '

Lord Ravririca® states: “ The jet is exceedingly sensitive to disturbances in the
reservoir, and no arrangement hitherto tried for maintaining the level of the water
has been successful.”

* Lord RAYLEIGH, ¢ Roy. Soc. Proc.,’ 29, p. 71, 1879. (‘ Papers L., p. 380.)
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After a number of experiments I have come to the conclusion that the following
arrangement for this special use is perfectly satisfactory :—

From the tap the water is conducted direct through a rubber tube to the spout of
the funnel T (fig. 3), which is fastened with sealing-wax to the neck of the bottle F.

To jet P el

S 10

Q K

30cm.

Fig. 3.

This rests through a wooden frame R on a metal plate P, which is provided
with three adjustable screws S. The whole is borne on a.bracket K, placed on an
outer wall. The bottle I is open above and is provided with an outlet from below as
shown in the figure. By help of the adjustable screws the upper edge of T is kept
horizontal. ‘

The water coming from the supply pipe will run over the edge of the funnel in the
form of a thin layer, and the height of the surface of water in the funnel will only be
very slightly dependent upon the speed of the supply, so that the unavoidable
variations in the pressure of the supply pipe will practically have no influence.

The water in the funnel T is in connection with the water in the reservoir B
through a syphon made of glass tubes 7, 7, 73 and rubber tubes ¢, and gz the
surface in B will keep the same height as the surface of water in T. B is provided
below with a tubulure that serves for the introduction of one branch of a T-tube, the
other two branches of which are provided with rubber tubes, the one serving the jet
apparatus, whilst the other is only used for filling or emptying the reservoir.

It follows from the above that when the quantity of water supplied to T from
the supply pipe is greater than that used in the jet apparatus, the surface of water
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in B will keep itself practically constant, independently of the quantity used in the
jet apparatus. This is, of course, on the understanding that the diameter of the
syphon is sufficiently large. |

Experiments have shown that with this arrangement, and for jets not exceeding
2 mm. in diameter, the water surface in B will vary at most 0'2 mm., and the
apparatus can stand and operate by itself day and night.

The above-mentioned arrangement is especially convenient for investigation of a jet
produced from ordinary tap-water, and was used in practically all the preliminary
investigations for judging the exactness and practicability of the methods of
measuring. As these investigations take, as a rule, a long time, it is very important
that the pressure be kept constant.

For other fluids that are available only in limited quantities this method cannot, of
course, be used. In these cases the author has, as a rule, employed the usual modus
operands with decreasing pressure. This will be more fully explained under the
description of the experiments.

Determanation of the Cross-section of the Jet.

§ 5. When using the present method for determination of the surface-tension it is
necessary besides the wave-length to know two of the three following quantities :
velocity of the jet, the sectional area of the jet, and the discharge. This last named
is easiest to determine with sufficient exactness, and will, therefore, in every case be
measured. The choice then remains between measuring the velocity of the jet or the
cross-sectional area, but before making this choice I will give a short summary of the
methods that are available at this moment to‘determine the velocity and sectional
area of a jet. _

The velocity V can be determined by use of TorriceELLI'S formula V = a,/(29H),
where H is the pressure, ¢ the acceleration of gravity and « a coefficient. Many
experiments have been made to investigate the exactness of TorricELLI'S formula.
The results of these investigations are, mainly : for fluids with little viscosity, with
not too high pressure, and, lastly, with holes the diameter of which exceeds 5 mm.,
the formula is practically correct, as the coeflicient « is very nearly equal to 1; for
water a = 0'97 to 0°99. Special reference can be made here to Tm. VAUTIER'S*
careful investigations on this subject.

With this in view, it was the author’s original intention to determine the velocity
of the jet in this manner; it, however, soon appeared that, just in the circumstances
which have especial interest in the present instance, the deviations from TorrICELLY'S
formula are very important. It is for this reason that, so as not to use too great a
quantity of fluid, it is necessary to use thin jets, for example with a diameter of

* TH. VAUTIER, ¢ Compt. Rend.,” 103, p. 372, 1886 ; ¢ Thése prés. i la Fac. de Science d. Paris,” 1888 ;
¢ Ann. Chim, Phys.,’ (6), 15, p. 433, 1888; ¢Journ. d. Phys.,” (2), 8, pp. 301, 396, 1889,
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L millimetre. Several influences result from this which with a greater diameter of jet
have only secondary importance, but here take a prominent part. I shall quite super-
ficially treat these influences here, as I hope later to have an opportunity to give a
more exhaustive account of this subject.

In TorricerLir's formula H indicates the pressure measured from the jet to the
fluid’s surface ; but this in reality must be reduced by the pressure produced by the
surface-tension in the interior of the jet. Let d em. be the diameter of the jet, p the
density, and T dynefem. the surface-tension, then will the pressure produced by the
surface-tension correspond to a head of liquid, the height of which, 4 em., is
determined by )
2T

h:(flgp Coe

(1).

If we take, for example, for water ¢ = 01 em., p =1, T =735 dynefcm., we have
ho=circa 1'5 cm. As can be seen, it is a correction which is not quite infinitesimal,
though but little attention has been given to it. . CHRISTIANSEN™ is probably the
first who has commenced the investigation with special regard to the conditions under
discussion. Some experiments of M. ISARNT also confirm the above view. He
determined the time that elapsed for 141 em® of fluid to run through a circular hole
of a diameter of 0'8 mm. with the pressure varying from 11'8 cm. to 9°0 cm. and

found for water 290 seconds,

alcohol 270

52

These two measurements will now be calculated with reference to the correction
mentioned before (1), it being supposed that the diameter of the jet in both instances
was d = 0°07 cm.

For water we take p =1, T = 78'5 dyne/em. ; for alcohol we take p = 08, T = 220
dynefem.

In accordance with this the above correction will be for water A = 214 em., for
aleohol & = 0°80 cm.

The effective pressure will according to this be

For water H = 1(1/11'8=2144+4/9:0—2"14)* = 820 cm.
~,, aleohol H = £ (y/11'8=0'8044/9:0—080) = 953 cm.

The total discharge will be

007? ‘

For water . . v/2°981.82 .290 = 141'3 em®
(IR —

,» aleohol m . — . 4/2°981.953.270 = 1418 em®

* C. CHRISTIANSEN, ‘Overs. Vidensk. Sclsk. Forh.,” p. 65, 1901 ; < Ann. d. Phys.,” 5, p. 436, 1901.
T M. Isarn, ‘Journ. d. Phys.” (1), 4, p. 167, 1875. o ' :
VOL. CCVIL.—A. 2 7
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Thus the difference shown in the time of outflow is wholly explained in this
manner.

IsaArRN himself explains the difference mentioned as originating from different
contractions, and calculates on the basis of such measurements the coefficient of
contraction. There can be no doubt, however, that this is incorrect, as the influence
of the surface-tension on the coeflicient of contraction certainly is not great, as will be
shown later.

If this reduction of the velocity on account of the capillary-pressure in the jet were
the only deviation from TorricerrLr’'s formula, it could be corrected and the velocity
accordingly calculated ; but as the diameter of the jet becomes smaller the value of «
18 also reduced and this coefficient becomes to a great degree dependent upon the
nature of the edge of the hole, so that in every case it is necessary to determine the
value of a, or, in other words, determine the velocity of the jet in another manner.

Lord Rayreieu*, who used this method to determine the velocity of the jet, says
with regard to it : “The pressure at any moment of the outflow could be measured
by a water manometer read with a scale of millimeters. Some little uncertainty
necessarily attended the determination of the zero point; it was usually taken to be
the reading of the scale at which the jet ceased to clear itself from the plate on the
running out of the water.”

According to the above, this method can not be taken as a satisfactory solution of
the question.

Direct measurement of the velocity of the jet can be made in several manners.
Tu. Vauriert added small drops of another fluid and determined the velocity of the
drops by taking photographs on a plate moving with a known speed. The method
seems to be good so long as the diameter of the jet is not too small (in VAUTIER'S
experiments the diameter of the hole was 576 mm.), but with small diameters the
method is useless on account of the risk of noticeable change both in the surface-
tension and in the coefficient « on account of the additional alien liquid.

Another and simpler method} is to determine the velocity by help of the geometric
form of the jet. This method can also give satisfactory results for thick jets, but for
thin ones it is of no value.

Besides the previously mentioned reduction of velocity on account of the capillary
pressure in the jet, the surface-tension produces other differences in the velocity.
The presence of the jet is inseparably connected with a continual production of new
fluid surface, and the requisite energy is essentially taken from the kinetic energy of
the jet as its horizontal velocity reduces. The loss of pressure, k,, corresponding to
this reduction is easily found to be AT

U A O)

* Lord RavrEIGH, ‘Roy. Soc. Proc.,” 29, p. 71, 1879 (*Papers L,” p. 875).
t TH. VAUTIER, loc. cit. ~
1 See WINKELMANN, ‘Handbuch d. Phys.,” I, * Ausfluss und Strahlbildung,” F. AUERBACH, 1891,
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This reduction is thus seen to be double that originating from the capillary-pressure
for a water jet with a diameter of 1 mm. becomes A, = circa 30 cm.

This fact has also been the subject of but little attention, though A. Dupri* has
undertaken some interesting experiments about the height to which a jet can rise.

A closer examination of how the reduction of velocity corresponding to A, spreads
itself over the jet I am obliged to leave to another opportunity, only a particular
characteristic fact being named here. If the pressure is reduced more and more so
that it comes near to the value A, +hA, the jet can be observed to deviate more and
more from a parabola, the curvature of the jet just outside the hole becoming much
too great. If the pressure is reduced almost to h,+7%, the jet first runs a short
distance horizontally and then falls vertically down. If we determine the discharge
and cross-section of the jet, the velocity in the horizontal part of the jet can be
calculated, and it will be observed that this velocity is almost equal to that
corresponding to the pressure A, It is very difficult to maintain the jet in the above
position ; the slightest disturbance will cause the jet to cease.

It is also possible to determine the velocity of a jet by measuring the pressure it
produces by normal impact on a sufficiently large plane surface. Measurements in
this manner have been made, for example, by Burr,t who worked with a jet with
diameter from 5 to 7 mm. This method seems to give quite reliable results and may
most probably be available even for much smaller jet thicknesses, but the difficulties
connected with its use will be, in consequence, considerably greater. The balance
used must, in such a case, be made very sensitive, and it will probably then be
difficult to keep the sensitiveness constant. In the use of this method there must
also be taken into consideration a correction resulting from the surface-tension. The
pressure measured must be reduced by the capillary-pressure in the jet multiplied by
the area of its cross-section, in other words, by

Td.

SV
N
8o

At the same time the surface-tension along the jet’s circumference, or Tad, must
be added to the pressure measured. The final correction will accordingly be +4#Td.

The cross-section of a jet has hitherto, as a rule, been determined by direct
geometrical measurements, which ordinarily take place in such a manner that the
points of some micrometer screws are brought exactly to touch the surface of the jet.
In this manner a sufficient exactness can be reached, as a rule, with thick jets. The
condition is quite the reverse when the diameter of the jet is only about 1 millimetre.
In this case it will most probably be impossible to get even a moderately satisfactory
exactness. In this respect a great progress has been made by the elegant method

* A. Dupgg, ¢ Théorie mécanique de la chaleur,” p. 376, Paris, 1869,
1 Burr, ‘Poca. Ann.,” 137, p. 497, 1869.

22z 2
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proposed by K. Pry1z* and based on the optical coutact between a microscope and a
reflecting surface. 1t is possible in this manner to determine the diameter of a circular
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Fig. 4.

jet with great exactness, but with not circular jets the method, unfortunately, becomes
impracticable.

* PryTz, ‘Overs. Vidensk. Selsk. Forh.,’ p. 17, 1905 ; < Aun. d. Phys.,’” 16, p. 733, 1905.
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§ 6. As none of the known methods for the determination of the velocity and cross-
section of thin jets are quite satisfactory, I have worked out a new method for the
determination of the cross-sectional area of a jet.

la
[ t § |

//

/7
O 7,
’/ f’/// =7 7
/,/ ////’//;
007 // / Jl V1,

Tig. 6

The principle of it is the tollowing : A definite length of a jet is taken and weighed
cmd on the basis of the weight and the density of the liquid the sectional area of the
jet is calculated.

The taking of this definite length of the jet is accomplished by help of a *jet-
catcher,” shown in figs. 4-7. Tt consists of two cylindrical vessels K; and K,, the
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ends of which are the steel plates P; and P, The edges of these steel plates, £, are
knife-formed and effect the cutting of the jet, as described later.

The “ jet-catcher” itself is, as is shown in figs. 5-6, arranged on a pendulum C,
turning about the axis p—p. In order to vary the height of the pendulum the stands
A are furnished with a number of holes for the screws S, as shown in the figure.
The “jet-catcher” is fastened to the pendulum through the cross-piece ¢ by means of
the screws s (see fig. 4). The exact position is secured by means of two cones 4,
which fit in the corresponding holes in the cross-piece ¢.

Fig. 7.

The axis of the pendulum is arranged perpendicularly over, and parallel to, the
horizontal jet at such a height that the position of the jet in relation to the *jet-
catcher” is about as shown in fig. 6, where S indicates the jet.

If the pendulum is caused to swing, the * jet-catcher,” every time it passes the jet,
will cut out a portion of it. If the jet is perpendicular to the edges £, and parallel to
the plane through corresponding edges, the length of the piece that is cut out of the
jet each time is equal to the distance between the edges k. With a complete swing
(both forwards and backwards) the total length L of the portions of the jet cut off (see
fig. 7) is

L=L+L,. . . . . . . . . . . (1)
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If the jet is parallel to the plane through the edges, but makes an angle of 90°—¢
with these, then the total length of the portions cut off during a complete swing
will become

L= coid)(Ll-yLz) A )

If the jet is at right angles to the edges, but makes the angle o with the plane

through the edges (see fig. 7), the conditions are a little more complicated. In

the figure the jet is drawn in two positions, S, and S,.  The one position, S,, gives a

picture of what takes place with the “jet-catcher” moving in one direction, S, gives

a corresponding picture of the movement in the opposite direction. V is the velocity
of the jet. With regard to the other symbols, reference is made to the figure.

We have
I/, =Lseco+y, = Vf[.x, =L tano,
also
I/y=1,(seco+V/v,. tanw) . . . . . . . . (3)

In the same manner we get
I/, =Ly(seco=V/fv,. tanw) . . . . . . . . (4)
- By the addition of (3) and (4) we get
L=T\+Ll,= (Li+Ly)[seco+iVtan o (1fu,—1fv))]. . . . (5);

as the last term is so small that we can take L,= L, without any appreciable
error.

If v, = v,
L=(L+L).seco . . . . . . . . . (6)

In practice v; and v, will have almost the same value, although the velocity will
naturally be somewhat smaller each time the jet-catcher” passes the jet. To
investigate the influence of this difference in velocity we take v, = 0°9v,, V = o,

The equation (5) then becomes

L= (1,+Ly). (sec 0—0'0555tanw) . . . . . . . (7).
By v, = 0'9v, and V = v,, equation (5) becomes
L= (L+Ly). (sec 0+ 00555 tanw) . . . . . . . (8)

To judge the influence of the angle w the Table I. is available, which also contains
the corresponding values for v, = 0°95v, and v, = 0°95v,.

In practice the ratio between v, and v, will still more approach to 1. As can be
seen, no especially great exactness is required in the adjustment of the ¢ jet-catcher”
relatively to the jet.
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Tasre 1.

W= 1°, 2°. 3° 4°, 5°,

vy = 0900, sec © — 0° 055 tan o 0-99918 099867 0-99846 0-99856 099896

vy = 0907 sec o+ 0-055 tan 1-00112 1-00255 1-00428 1-00632 1-00868

vy = 0°950, | secw -0°026tanw | 0:99969 | 0°99969 | 0-99999 | 1-00060 | 1-00152

0- 957, sec o +0:026 tan o 1-00061 1:00153 1-00275 1-00428 1-00612

i

G

In these evolutions it is supposed that 7, = [, (see fig. 7), a condition easy to satisfy
with great exactness.

It can easily be seen that all the foregoing continues to be true in the main, even if
the velocity of the jet is not the same over the whole cross-section.  With use of the
method on jets that are not cylindrical there are some complications. Reference will
only be made here to the jets investigated in this paper, the equation of which is
7 = a+0b cos ng . cos kz. |

When 7 is an even number, the oblique sections produced by the edges £ can,
without appreciably altering the volume of the piece cut out, be replaced by the
normal sections through the points where the axis meets the oblique sections. If n
is uneven, this will not be the case, but the deviation will be small for all the jets
investigated in this work. The only error to be considered will thus result from the
circumstance that the volume of the jet which is cut off by two normal sections, at a
constant distance from each other, will vary a little with the position in relation to
the stationary waves of the jet. To investigate the amount of this error the volume
of the jet V,“ between the planes z = 0 and z = L is determined :

p=2mr L=
VI = r j L de = wLi <a2+z \/+7r—]—gm 2L . oo (9).

$h=0 =0 / ( ]\

If X is the wave-length, then £ = 2a/\ and

: AN :
L = B N = — ¥ —— lJ . . . . . . 1 .
Vi = T ((L+4>+H)k%m (10)
If \ is equal to the distance between the edges (this distance is always greater, the
actual error consequently smaller than that calculated), then equation (10) shows
that the greatest volume that can be cut out is

Vi = A (@ +30°) -+ N,
whilst the average value is
V, = M (a*+10°).
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The greatest error is, expressed in per cent.,

A 100 %b2
- R
For
bla = 01 02 03 04

A =004 016 035 0°65.

For the values of bfa here used this error is without importance.
For the “jet-catcher” used here

L, =297985 ecm., L,=299225cm., L= L1+L2 = 59721 cm.

The whole of the *jet-catcher,” with the exception of the before-mentioned steel
plates, is made of magnalium, which is both light and keeps in good condition. Before
use the “jet-catcher” is dipped in melted paraffin, so that it is covered with a thin
layer, removed only from the edges of the knives, £.

In order to prevent evaporation during weighing it is necessary to cover the
openings of the “jet-catcher”; this is done by the help of two indiarubber plates
fastened to two metal rods, pressed against the two openings by help of springs. It
is also necessary to introduce a correction for evaporation during the cutting off, as
described below.

The measuring itself takes place in the following manner: The fluid contained in
the “jet-catcher” from a previous measurement is completely removed and the apparatus
is carefully cleaned. The indiarubber coverings are set and the jet-catcher” is
weighed and arranged on the pendulum, whereupon the rubber covers are removed
and the pendulum carried up to a horizontal position, released and allowed to
complete five whole swings, after which it is caught again. As soon as this takes
place the rubber covers are put on, the “jet-catcher” is taken from the pendulum and
all outside drops removed, after which the weighing takes place. After the conclusion
of the remaining measurements, which takes place in the course of a few minutes, the
jet is stopped and the * jet-catcher ” again arranged on the pendulum. The rubber
covers are removed and the pendulum is allowed again to complete five whole swings,
beginning with the same height as with the ‘ cutting off,” after which the rubber
plates are replaced and the “jet-catcher ” weighed again. If we call the weight of the
liquid contained in the “ jet-catcher” by the first weighing P mg., and by the second
P—p mg., then the loss by evaporation during these swingings is p mg. The whole
weight of the quantity of the liquid cut off the jet is then P+a. p mg., as the loss by
evaporation during the cutting off is ap mg.

The determination of the coefficient « takes place as follows: Two cuts are made,
the pendulum completing only one whole swing. The quantity of liquid “ cut off” is
determined in the ordinary manner, after which the loss of weight, p,, for five whole
swings of the pendulum is determined as explained above, Next four cuts are made,

VOL., COVIL—A. 3 A |
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the pendulum completing two whole swings, the corresponding loss, p,, being
determined in the same manner as above. In a similar manner p, p,, and p; ave
determined. We have then
5 = AP P Pat Pt s
ops

In Table TI. are arranged the results of these determinations for water and alecohol
(98°04 per cent.).

Tasre 11
o Alcohol,
Water. 9804 per cent.
mg. mg.
” 175 17-0
72 2-30 220
s 9-45 24-0
) 0-882 0-881

In the following it is always assumed that « = 088. A small error in the
determination of « is of no great importance. If the worst case in this paper
is taken, P is almost equal to 230 mg. and p, = 25 mg.; we have then
P+aps = 252 mg.  An error in a of 0°04 will give an error in the concluding weight
of 1 mg. or of 04 per cent. The corresponding error in the surface-tension is about
0°2 per cent.

As the determination of p; always takes place under the same conditions—
temperature, humidity, and air pressure—-as those under which the * cutting off”
takes place, the determination of this correction is quite certain and cannot cause
great errors. '

In Table III. are shown some of the values found for ap; corresponding to orifice
No. ITI.  All the weighings are corrected for the buoyancy of the air.

Besides the sources of error investigated there are several other circumstances that
possibly could cause irregularities in the exactness of the measurements. Thus it is
necessary that the vessels K of the  jet-catcher ” have a certain shape, so that they can
without loss receive and hold the portions of the jet cut off. With the form shown
in fig. 6 I have never noticed any loss of liquid.

It is further obvious that if the speed of the “jet-catcher” when passing the jet is too
slow, the disturbance in the jet produced by the first knife will have time to reach
the second knife before it has cut the jet through. It is also possible that the
movement in the air resulting from the movement of the pendulum and the “jet-catcher”
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Tasre TIT.

Liquid. aps.

mg.

Water . . . . . . . . ... 1-8
Alcohol, 3:09 per cent. by weight . . . . 22
” 9-50 » ” e 35

. 46-34 . o 10-4

. T4:93 » ..o 12¢6

» o 8102, » Coe 145

w o 90-97 » ”» o 16-5

» o 98:04 ”» » o 21-1
Aniline . o e 0-6
Ammonia, density p15/4 = 09903 . . . . 2:6
» » =0-9792 . . . . 5:0

”» ”» = 0-9580 . - 79

might have influence upon it. It is clear that both these influences are dependent
upon the velocity of the ‘ jet-catcher.”

In order to investigate these questions I have made several series of experiments,
one of which is given in Table IV. The result is, as can be seen, within wide limits,
independent of the velocity of the ¢ jet-catcher.”

Further, I have compared the * jet-catcher” used here with another for which
L =T,+1,=79030 em. The difference between the results of a series of experi-
ments on the same jet was only 006 per cent.

TaBre IV.—Water Jet. Velocity 2731 cm.fsec. Diameter 1:3415 mm,

Mean velocity Weight for five Deviation fr Corresponding
of the complete oscillations ovia 1onl rom Deviation. deviation of the
¢ jet-catcher.” of the ¢ jet-catcher.” mean vatue. radius of the jet.
em.[sec. mg. mg. per cent. mm,
651 42215 +0-83 +0-20 +0-00067
586 421-04 -0-28 -0-07 —-0-00024
530 421-43 +0-11 +0-03 +0-00010
463 420-80 -0-52 -0-12 —0-00040
382 421-97 +0°65 +0-15 +0-00050
280 420-52 -0-80 -0-19 —0-00064
Mean value . . 421-32 Mean error . . +0-14 +0-00047

§ 7. After the above there can hardly be any doubt that this method for the
determination of the sectional area of a thin jet gives very trustworthy results, and
that by this means we have a convenient method of carrying out several investi-

3 A2
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gations on such jets with an exactness that hitherto has been difficult or impossible
to reach. |

I will mention only very briefly some measurements of the influence of the pressure
on the sectional area of a jet, keeping myself within the limits where the question is
of interest for this investigation. The measurements comprise two circular apertures,
No. 1 with diameter 1-514 mm. and No. 2 with diameter 0'8043 mm., both arranged
as shown in fig. 10, where B is the perforated plate. For these I have determined
the sectional area of water jets for heads between 50 and 100 cm, The results are
shown in fig. 8, where the value a-b corresponds to aperture No. 1 and e¢-d to

>

[

1,2

1,0

0,8

0,6

0,4

0,2

0

0 10 20 30 40 50 60 70 80 90 100 cm. H.
Fig. 8.

No. 2. The values measured are shown by a cross; it can be seen that fhey very
nearly fall on the straight lines a~b and c¢—d.

For aperture No. 1 the sectional area decreases 498 per cent., while the head
increases from 50-100 cm.
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For aperture No. 2 the sectional area decreases 503 per cent., Whﬂe the head
increases from 50-100 cm.

The apertures used in this investigation have diameters between No. 1 and No. 2.
For these, without making any great error, it can be calculated that the sectional
area decreases 1 per cent. for each 10 cm. the head increases.

The determination of the discharge takes place in the usual manner and needs no
comment,

Production of the desired Deviation from the Cylindrical Form of o Jet.

§ 8. In § 3 is shown the importance of the jet executing one single vibration, in
other words, that its surface is determined approximately by

r:a+bco§n¢.cos(27r.z/hn). e (),

-as in the contrary case the determination of the wave-length \, causes difficulty and
becomes inaccurate. By the measurements that up to now have been made with this
method only little attention has been paid to this condition. Lord RavrLeiGa* writes
as follows: “. .. The first set of observations here given refers to a somewhat
elongated orifice of rectangular form; . . , refers to an aperture in the form of an
ellipse of moderate eccentricity ; . . . relate to an orifice in the form of an equilateral
triangle with slightly rounded corners. . . .” Prccarpt says: “ Le liquide s'écoule
par un tube aplati. . . .” MEeYER} expresses himself in the following manner on this
question : “Die elliptische Oeffnung ist mittelst einer Stopfnadel durchgeschlagen,
welche auf einem Oelstein solange geschliffen wurde bis eine in ein Probestiick des
Membran geschlagene Oeffnung die gewiinschte Form und Grosse hatte. . . . Um
eine gréssere Grenauigkeit zu erzielen, wiire vor allem auf eine schirfere Beobachtungs-
metode und die Herstellung einer genau elliptischen Oeffnung Bedacht zu nehmen.”

Apart from the last-mentioned reference-—which according to § 3 is incorrect—the
importance of, and the means for, giving the jet a single vibration has been Wholly
neglected,

I have endeavoured to solve this questlon by making the aperture as exact as

posenble after the formula :
9"=a+bcoan5. e e e e e e (2)

As the dimensions must be small, for example & = 0'65 mm., so as not to use too
great a quantity of liquid, the work is consequently accompanied with some difficulty.
The following method, however, proved itself to be good. The aperture is first
drawn enlarged, fig. 9, ABCD, after which I chose a fine round file, the radius =

* RAvLEIGH, ‘ Roy. Soc. Proc.,’ 29, p. 71, 1879 (‘ Papers 1., p. 377).
1 PICCARD, loc. cit.
1 MEYER, loc. cit,
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366 MR. P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

of which is somewhat smaller than the smallest radius of the curvature of the aperture.
On the drawing is constructed the curve abed, described by the centre of a cirele with
radius » rolling inside the curve ABCD. The values of the radius vector for the
curve abed corresponding to ¢ = 0°, 6°, 12°, &e., are determined on the drawing. By

help of these values and by using a small milling machine, with the above-mentioned
little file as cutter, the orifice can be cut in the correct form ABCD. Further
particulars are given in the original paper.

The plate B is in most cases of platinum iridium (90 Pt+10 Ir) and has the form

C A

Fig. 10.

of a circular plate, about 17 mm. in diameter and about 05 mm. thick. In the
middle of each plate the thickness is reduced to about 0°25 mm. Fig. 10 shows the
ordinary arrangement of aperture and conducting tube. A represents a glass tube,
B a perforated plate, and C a ring of indiarubber. Some few apertures are made in
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brass. Microphotographs of some of the orifices used are shown vn Plate 2 ; below
each photograph is denoted the length of the largest diameter of the corresponding
orifice. Further particulars will be given later.

It proved, however, that even with the best of the apertures produced in this manner
the jet was not quite free from alien vibrations. That is due partly to deviations
from the correct form of the aperture, but also to the fact that the cross-section of the
jet is not strictly similar to the form of the aperture. This last-mentioned incon-
venience would be got rid of by allowing the jet to flow out of a tube which had the
correct form of cross-section. This solution is, however, for several reasons incon-
venient. When the jet flows out of a tube the velocity will be less at the surface
than in the axis; and, finally, the production of such a tube would be very difficult.

I have also tried to produce the deviation of the jet in another manner, namely, by
using a circular oritice and a non-circular conducting tube (see fig. 11); but generally
I prefer the other method.

1D C

A
// ///// 4
000, //

Fig. 11.

With regard to the purity of the vibrations obtained, the jet-photographs on
Plates 3 and 4 will give good information. The production of these jet-photographs
will be described in the next section.

Determination of the Wave-length.

§9. Of all the quantities on which the surface-tension according to equation
[(2), § 1] depends, A, is undoubtedly the most difficult to determine. In all the
previous measurements, as mentioned before, \, is determined as the distance between
the summits of the jet, and the determination has taken place by direct measure-
ment either on the jet itself or on a photograph of it. As the amplitude of the
vibrations must be small, this method is very unsatisfactory and cannot give good
results.

An exact determination of \, can be made in many ways, but they will most
probably have it in common that the jet itself is used as an optical, image-forming
system. - Of the methods I have endeavoured to use I will only describe the following
two. : : ~


http://rsta.royalsocietypublishing.org/

\

A

A
A \

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)

a
fa \
A A

.
/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

368 * MR. P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

The first method is illustrated by fig. 12. Here abba represents one of the
profile lines of the jet (seen from above). L is a Nernst-lamp (1 amp. 220 volts),
the linear filament being vertical. The rays coming from L are reflected by the

a

Fig. 12.

mirror S and unite after reflection from the surface of the jet in the image L.
When the profile line is a sinusoid the distance between the images L and L, will be
equal to the wave-length. This distance can be determined with great accuracy, and

A ] | ' l E
/B o] ¢ [s=
i
T
,::f:l:/j*:::f':iI
Lz%“"‘ _.“_,_ﬁ_\%’_
Fig. 13.

if the jet were perfectly free from alien vibrations this method would be able to give
very exact results. Unfortunately it has not been possible for me to produce a jet
so regular that I could make use of this method with real advantage. Even very
small deviations from the desired jet-form change the position of the images very
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considerably. The execution of a measurement also demands much time, and this is
probably the greatest drawback of the method.

The other method is as follows :—

The rays from a horizontal linear incandescent lamp L, (about 23 cm. long,
25 candle-power, 110 volts) is reflected from the mirror S perpendicularly down on
the jet s (see fig. 13). Close beside the jet is arranged a vertical photographic
plate P, upon. which an image is formed, the approximate form of which is
shown by the line m-n on fig. 14. The lamp I, is enclosed in a shield ABC.

PRI
55
(<)
>~

Lo

Fig. 14.
The part BC of this shield has the form shown in fig. 15, making the illumination

nnnnnnnnm

Fig. 15.

of the jet the same for its entire length. In series with the lamp L, another lamp, L,
is inserted, the power of which can be regulated by the help of a rheostat placed
parallel to it. I, is arranged at the same height as the jet, and the light from it
produces a homogeneous fog on the plate P which is only interrupted by the
shadows s,—s, of the jet and T,-T, of the wire T which is arranged horizontally in
front of the plate. ‘

The manner in which the image m-n (fig. 14) is formed will be explained only very
briefly. In fig. 16 is shown the circular cross-section of a horizontal jet. L is a vertical
ray ; its direction is after two refractions and one reflection changed to I,. The angle
between L and L is denoted by y and the refractive index of the liquid by n,. With
the symbols of the figure

y = 4h—21.

VOL. CCVIL—A. 3B
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Tt is easily shown that y is maximum when

sl ¢ = \/4 — T
3

In order to illustrate the positions of the emergent rays, fig. 17 is drawn. The

ray for which y is maximum cut the plate P in B, and at that point the intensity of
illumination will be maximum. All the points B, collectively, form the image m-n
(fig. 14).% ‘

Let the maximum value of # corresponding to z{ be denoted by ., then y,~y, has the
same sign as b, cos kz.  The wave form of the image m-n is produced in this manner.

‘//////

o ]

-

e ———— e e e
N

S Y N S T

Fig. 16. Fig. 17.

As the amplitude of the curve m-n is much greater than that of the jet, it is
much easier to determine the wave-length by measuring on the image m~n than on
the jet itself.

The measuring of the wave-length takes place in the following manner (fig. 14):
The distance L between two homologous suitable points on the image m-n is
determined. By dividing this length by the number v of waves between the points

* For further information about this question see J, M. PERNTHER ¢ Meteorologische Optik’ (Wien and
Leipzig, 1902), p. 482.
T Inv = a+b,cos np, cos kz,..[(1),§1]
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measured, we have \,. This would be perfectly correct if the jet were horizontal over
the whole length, in other words, parallel to T,~T,, and perpendicular to the light
incident on the jet. As this is not the case, the following correction is necessary :
L represents the distance between the homologous points in the image, but what is in
reality necessary to be known is the distance between the corresponding points p and ¢
on the jet itself. With the symbols used in the figure, this correction for the point

p will be with sufficient exactness: = = %[alH—ac—- (o +ane,) ]

Here ¢ is the distance from the point on the image to the point Q (see fig. 17)
where the ray of minimum deflection is reflected. This correction is calculated for both
the two points p and ¢, and the distance L, between these points is Ly = L—x—a,.

This formula is not quite correct, as e as a rule will have different values at the
two ends, but the corresponding error is only small, and will be neglected here. L,
is here determined as the distance between the points p and ¢, although in reality it
is the length of the portion p—q of the jet that is needed ; but this error is only
small for the jets examined here.

The wave-length is therefore determined by \, = L, /v.

In the following, the wave-length is always determined by the last-mentioned
method, although perhaps it is not so exact as the first, in principle; it has never-
theless great advantages compared with it. Among these advantages is the
comprehensive view of the whole jet, tending to prevent mistakes, and the much
shorter time needed for the determination, inasmuch as the actual measuring work
can be done afterwards on the finished plate. Finally, the exactness that is reached is
certainly as great as is possible, so long as it is not feasible to obtain absolutely pure
jet-vibrations. Onme fault, however, with this method is that it is only available for
transparent liquids.

During exposure the plate P is arranged in a plate-holder which is fixed in a
vertical frame.  This can be laid down in a horizontal position by turning the pivots
below. The frame is arranged on a horizontal slide that can move in a direction at
right angles to the jet. The movement of the slide towards the jet is stopped by an
adjustable stop leaving a distance of about 4 mm. between the plate and the jet.

On Plates 3 and 4 are shown some photographs of jets taken in this manner ; further
details will be given later.

By the use of nearly monochromatic illumination still better jet-images may be
obtained.

Investigations on the Influence of the Amplitude of Vibration.
§10. If the jet’s cross-section is determined by the equation
r=a+becosnd . . . . . . . . . . . (1),

then 7y = a+0 and 7, = a—>.
3 B2
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In the following the amplitude of the jet will be denoted by 8, determined by

P — T
= 100, -ax__—wmm L, L (2),
8 max -+ P min ( )
or, according to equation (1),
b
8=100.-~ . . . . . . . . .. 2n.
5=100.7 @)

The same notation will be used for the orifices.

In §1 the necessity of an investigation respecting the influence of the amplitude
on the period of vibration has been already emphasized. The only material that is
available in this case consists of the measurements made by Lord Ravrriee® and
recorded in his original paper. For some of these I have calculated the surface-tension
according to formula [(2), § 1], and arranged Table V.in order of decreasing amplitude.

TasLe V.
Orifice. ‘ T.
. dyne/cm.
Triangle with slightly rounded corners. (Table V., by RavLeicm) . . 574
Square. (Table VII., by Rayreier) . . . . . . . . . . . . 646
Ellipse of moderate eccentricity (8 > 9). (Table IL., by RavrLEicH) . . 695
Ellipse (8 = 9). (Table IV., by Rayiwen) . . . . . . . . . . 72-9

From the values of T it is evident that the amplitude for the three jets has been
too great. How far this is also the case with the jet corresponding to the orifice for
which 8 = 9 cannot be determined on the basis of the investigations mentioned. In
the measurements of MEyEr} and Prccarp,} the amplitudes in accordance with the
above have been much too great.

In order to decide this question, T have made a series of measurements with jets of
water ; the orifices used for these are recorded in Table VI

The results of these experiments are found in Table VII., where the orifices are
arranged with decreasing amplitudes. In the table, T indicates the surface-tension
calculated upon the supposition that the amplitudes could be considered as extremely

small.
* RavrrieH, ¢ Roy. Soc. Proc.,” 29, p. 71, 1879 (‘ Papers 1,” p. 377).
T MEYER, loc. cit.
1 Prccarp, loc. cit.
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TasrLe VL
Diameter of orifice.
Orifice No. " 5. l\htemalp(;fL t}()frforated
Largest. Smallest.
mm. V mm., T o
I. 1-671 1:009 2 247 90 Pt +10 Ir
I1. 1-545 1281 2. 9-3 90 Pt 410 Ir
II1. 1-424 1-303 2 4-4 90 Pt + 10 In
1V. 0-830 0-820 2 0-61 90 Pt 410 Ir
V. 1-386 1-384. 9 0-14 90 Pt +10 I
VII. 1:556 1-530 2 086 90 Pt +10 I
A 2:202 — 3 — brass
B 2372 2-128 4 N
C 2-398 2:-318 . 6 — .,

TaBrLe VIL—Ordinary Tap-Water.

P15 = 0°99913, d1 = —0-151.
' dt
. Orifice Dis- | .
Experi- ) Sectional

mgnb c}flarige arca of | [ AVe- T 1. [e]. Tys.

No. . of the | 3= jot. length.
No. . 3. jet.
cm?.[see. cm?, em. dyne/cem. dynejcm. | dyne/em,
18 L 2 24+7 | 2-9508 0-01060 | 1-2100 | 6563 16-4 0-00 6585
17 I1. 2 9-3 | 3-1864 [0-01149 | 1-2306 | 70-99 17-0 0-00 71-29
28 IT. 2 93 | 4:6535 [0-01097 | 1-8210 | 72-38 14-3 0-00 72-27
19 III. 2 4-4 | 2:9942 |0-01073 | 11506 | 74-02 14-6 0-00 73:96
29 I1I. 2 4+4 | 4-3291 {0-01020 | 1-7041 | 74-07 | 14-4 0-00 7397
37 IIT. 2 4-4 | 3-8649 10-°01043 | 1-5095 | 73-99 14+5 0-06 73-85
38 IIT. 2 4-4 | 38327 [0-01043 | 1-4932 | 74-33 15-1 0-07 7427
39 11T. 2 44 | 3-8597 10-°01049 | 1-5053 | 74-18 15-4 0-06 7418
23 VII. 2 0-86 | 3-8745 [0-01394 | 1-394H | 74-40 15-2 0-00 74-43
33 VIL 2 0-86 | 5-6274 | 0-01334 | 2-0675 | 74-53 14°5 0:00 | 74-45
20 IV. 2 0-61 | 1-2580 ;0-004728 0-5800 | 75-03 14-8 0-00 7500
30 1V. 2 0-61 | 1-8440 |0-004551 | 0-8815 | 74-29 14-3 0-00 74-18
21 V. 2 014 | 3-0412 ] 0-01097 | 1-1612 | 74-12 149 0-00 7411
31 V. 2 0-14 | 44577 10-01060 | 1-7387 | 74-03 14-0 0-00 7388
24 A 3 —_— 82429 10-02912 | 1-2620 | 71-03 15-0 0-00 71-03
25 B 4 — 8-8476 | 0-03113 | 0-8222 | 73-40 149 0:00 73-39
26 C 6 — 9-3313 | 0:03312 | 0-4457 | 74-83 14-2 i 0-00 74-70
|

The values of T for the orifices A, B, and C agree very well with those for the
apertures for which n = 2, when due regard is taken to the amount of the amplitude.
In the following, notice is only taken of those orifices tor which 7 = 2.
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TasrLe VIII

| .
Orifice. 5. | Mean, value Ty s Te 1002
\
- ! !
' dyne/cm. i dynejem.
I. 247 6585 849 0-0139 129
1L. 9-3 CoT78 L 420560 0 000292 1-73
1L 44 O T405 40729 0-0155 0-39
- SR S i ! e
VIL 0:86  Td44 1 -0-10 — 0-015
IV. 0-61 7459 025 — 0-008
V. 0-14 7400 +0-34 — 0-000
] 1 - .
VIL, IV., V. — R ST VRN — — —

In Table VIIL are given the mean values of T,; corresponding to each aperture. It
is evident that the orifices I. and II. have too great amplitudes. For the orifice 111.
it cannot with certainty be determined on the basis of Table VIIL ; if the amplitude
has any influence on the period it can only be said that the influence must be small.
The amplitude for the next orifice, VIL., is only one-fifth of that of orifice III., and
there can therefore be no doubt that the amplitude of orifice VII. is sufficiently
minute. That is still more certain for the orifices I'V. and V. In Table VIII. is also
ingerted the mean value of Ty; for holes VII., IV., and V. taken together. This mean
value is 74:34. The fourth column contains the values of 74:34—'T,; and the fifth
column contains the values of 74341, for the orifices L., II., and III. Finally in
the last column the values of 0°02. 8% are given for all the orifices. The numbers in
the last two columns must naturally be taken with all possible reserve, but still they
serve to explain, and at the same time also prove, the correctness of the above result,
namely, that the amplitudes for holes VII, IV., and V. are so small that their values
have no appreciable influence on the determination of the surface-tension.

Reference has only been made in the above to the amplitude of the aperture and

Tasre IX.
Orifice. : Pressure. ) mg}'.;,zujget(;l on
{‘ cim.

L. 95 376

L 1 43 292

IT. 5 95 16-3
IIL i 43 49
VIL ; 43 1-06
Iv. 43 0-88
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not to the jet itself. To get an idea of the size of the amplitude of the jet I have
taken photographs of different jets, and afterwards by help of an object-micrometer
measured the largest and smallest diameters at a distance of 3 to 4 cm. from the
apertures. The results of these determinations are given in Table IX.; it appears
that the amplitude of the jet is somewhat greater than the amplitude of the orifice,
and that it increases with the pressure.

Therefore the above conclusion respecting the permissible amplitude will not always
hold good: The pressure, about 70 cm., used by the measurements made here, lies,
however, within the limits investigated in Table VIL (about 42 up to 97 cm.
pressure).

The nature of the liquid may also play a part; but that has hardly any great
influence as far as these investigations are concerned.

In order to attain greater certainty on this point I have determined the surface-
tension of some other liquids by measurements with orifices III., V., and VIIL. ; the
results obtained are shown in Table X. This is calculated as follows: In the same
manner as in Table VII., T; is determined for each individual orifice, and for each of
these the mean value is taken. The mean value for all the measurements with
apertures VII. and V. is taken as the correct value of the surface-tension for the
liquid in question. "Table X. contains the deviations from the mean value found in
this manner, with reference to the orifices in question, shown as a percentage of the
surface-tension.

Tasre X.

Liquid. Orifice I11. Orifice V. Orifice VIL.
. - - per cent. per cent. per cent.
Ordinary tap-water -0-23 -0-31 +0-30
Distilled water . . . . -0'54 ~0-44 +0-44
CuSO;+Aq; p = 1-0506 . . . ~0-34 ~0-17 +0-19
579 per cent. alcohol + 9421 per cent. water -0-90 -0-07 +0-00
Mean value. . . . . . -0-50 ~0-25 +0-23

It appears that the results for orifice VII. are generally a little larger than for
orifice V. The difference lies, however, within the limit of error, as the deter-
mination for orifice V. is difficult. It proves, however, that under the present
conditions the amplitude for orifice VII is sufficiently small. On the other hand,
however, it also appears that the values for orifice III. are, as a rule, a little too
small. - It would therefore be natural to carry out the measurements with orifices
VII. and V. The determination is, however, in reality made with orifices VIIL. and
IIL., for the following reason: The amplitude for orifice V. is so small that the
determination of the wave-length is difficult and uncertain, especially for liquids with

small surface-tension, or, in other words, large wave-lengths. On the other hand,
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the measurements of the wave-length for orifice I1L. are carried out with great exact-
ness and easiness, just as the determination with orifice VIL is, as a rule, quite good.
I have therefore chosen these two orifices and corrected for the too great amplitude of
orifice III. by adding 0°5 per cent. to the results, a correction obtained from Table X.
In the following this correction is represented by [8].

FEzxecution of Observations.

§ 11. All the experiments to No. 37 are made with ordinary tap-water under
constant pressure, produced in the manner explained in § 4. In all the other experi-
ments the pressure diminished as the liquid ran out. This variation was, however,
only small, as the cross-section of the reservoir used was about 400 cm® and the
quantity of liquid used about 1000 em® The pressurve for all the experiments after
No. 40 was about 70 cm.

The measurements themselves took place in the following manner :——

The orifice is closed by a wooden plug. The requisite quantity of liquid is poured
into the reservoir, care being taken to fill both the conducting tube and the jet tube
completely, the plug is withdrawn and the jet started. Then the jet is adjusted so
as to be parallel to the plate-holder and to have the height suitable for the
“ jet-catcher.” The last adjustment is easily controlled by the shadow of the jet on
a ground glass placed in the frame and furnished with marks, between which the
shadow must fall. At the same time the jet tube is moved until the image (m-u,
fig. 14) of the jet is as sharp and clear as possible. In order to enable these
adjustments to be made easily, the jet tube is arranged in a bridge that can be moved
in all directions by help of screws. '

As the direction of the “jet-catcher ” once and for all is parallel to the frame, the jet
by the above adjustments is brought into the required position and the measuring of
its cross-section can take place. Immediately afterwards the measurements of the
discharge begin, after which the plate-holder with an unexposed plate is placed in
the frame, which is lying down. The light is then shut off, the shutter removed
from the plate-holder and the slide moved into its position, whereupon the frame is
brought up to its vertical position and the lamps L, and L, lighted. ~After exposing
for about 15 seconds the lamps are turned out, the slide brought back and the
shutter replaced in the plate-holder. The entire photographing process takes about
40 seconds.  Before finishing the measurement of the discharge another photograph
is taken in the same manner.

Finally the necessary weighing takes place and the evaporation is determined as
explained in § 6.

In changing from one liquid to another the whole apparatus is cleaned very
carefully and finally washed out with distilled water, after which it stands for some
time to dry. Before use it is washed out with some of the liquid to be tested.
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Various Remarks.

§ 12. On account of the pressure not being constant, it is necessary to investigate
the influence of its variations.

According to § 7 the cross-section of the jet increases about 1 per cent. for every
10 cm. the pressure decreases. The cross-section ought, then, to be measured at mean
pressure, but is in fact determined at the commencement of the experiment. If the
liquid pressure has diminished 2 em. during the experiment, the mean cross-section is

h
A- T s
i 2000
where A is the measured cross-section. The corresponding correction [e] in the

surface-tension T is, then, with sufficient exactness

' h
[e]:l‘m(l)
This correction is always negative.

Influence of the Variation of Pressure on the Wave-Length and Discharge.—If the
effective pressure reduces from H cm. to H—h em., the first photograph of the jet
will correspond to the pressure H—y cm. and the last with sufficient exactness to the
pressure H—/+y em. The corresponding velocities are

V.=+2g(H-y);  V,=129(H=h+y).

The mean value is

V=329 H=-yp)+v29g H=h+y)] . . . . . . (2)

As y and A are small compared with H, this expression can without any appreciable
error be reduced to

Vo=32H+v29(H=R)] . . . . . . . (2)

As the wave-length is determined as the mean of the results from the two plates, V,, is
the velocity corresponding to the wave-length measured. The average velocity V,
that determines the discharge Q is, as is known, similarly determined by

Vo = $[v/2gH+ /29 (H—h)],

In this manner no correction is demanded on account of variable pressure in the
determination of the wave-length and the discharge.

The curvature of the jet produces a small error since the cross-section is determined
for the highest part of the jet. The average cross-sectional area will therefore be
a little smaller than that measured. Under the conditions used here this error will
only be insignificant.

VOL, CCVIL—A, 3 C
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The influence of the viscosity is, according to equation [(4), § 1], determined by the
coefficient
: &
5/=1+Z7~T-§. Ce (3,
where 8 is the logarithmic decrement or the vibration. The determination of 8 is
made by measuring on the image (m-n, fig. 14) of the jet, making the supposition
that the amplitudes of the image are proportionate to those of the jet. The results
are—

For water : 8=0074; g= 100014
., 9804 per cent. alcohol+1-96 per cent. water: 8=0'173; g = 100076 ;
,, 46°34 per cent. alcohol+ 5366 per cent. water : 6 = 0210; g = 100110
,, aniline : 0=10265; g=10018.

The numbers given are only approximate, but they show that ¢, in all cases
considered here, is almost equal to 1, and as the determination of 3 is uncertain, no
correction is introduced. An exact investigation of the influence of the viscosity on
the form of the jet image cannot be made until the theory of this image is further
developed.

Remarks on the Jet Photographs.

§13. On Plates 3 and 4 are shown fifteen jet photographs. In each photograph
the number of the orifice and the nature of the liquid are denoted.

The photographs are arranged according to the orifices, in the same order as in
Table VII., and the remarks concerning them are given in the same order.

Plate 3, figs. 6, 7 and 8, shows clearly the influence of viscosity on the damping of the
vibration.  Fig. 6 is a water jet: this has only a very small damping. Fig. 8 is an
alcohol jet : with this the damping is a little larger. Fig. 7 is a jet of a mixture of
water and alcohol (4634 per cent. alcohol+ 5366 per cent. water): with this the
damping is much greater than for the other two. The viscosity has about the follow-
ing values in these three cases (TH. Gray, ¢ Physical Tables,” Table 151, 1897) :—

, 0012 by 15°C. ; , 0°086 by 15°C. ; , 00014 by 15°C.

~ As the logarithmic decrement is the same for all vibrations, the fundamental
vibration will be purer at some distance from the orifice than immediately after
the jet has been formed, as is also shown on several of the photographs.

It appears from these photographs that the jet image is very well adapted to
investigation of the jet vibrations. Similarly, they show that it is possible to make
orifices which for all practical purposes are correct. In further investigations by this
‘method it will be possible to go still farther in this direction.

All the jet photographs commence about 15 cm. from the orifice.
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Rrusvrrs.
Water.

§ 14. For the determination of the surface-tension of water I have made three series
of measurements, the results of which are shown in the Tables X1I., XII., and XIII.
The first table refers to ordinary tap-water, and gives a mean value

T,y =74'33 dynefcm.
The second table is for freshly distilled water, and gives
T\ = 74°31 dynefem.

The third table is for distilled water that has been kept for about a year in a
stoppered bottle the result is
T,s = 7428 dynefem.

The greatest value found is in experiment No. 44 (Table XIIL.) :—
‘ T,; = 7480 dyne/cm.
The least is in experiment No. 41 (Table XIIL.), namely :—
T); = 7340 dynefcm.

' The greatest deviation in the 18 experiments recorded in the Tables XI.-XIIT. is
thus about 19 per cent.

TasrLe XIL—Ordinary Tap-Water.

dT
= 099913, — = --0°151.
P54 i
Experi- | Discharge | Sectional Wav
ment | Orifice. of area 1 a‘t‘f; T, 1. [€]. [8]- Ts.
No. the jet. | of the jet. | o 8™
19 - ém;ész(é i 0 Srif“.'? em., d%'ne/cm. °C. dyne/em, dyne/(?n. dyne/e;. -
. 994 -01073 1-1506 4:02 14-6 0:00 0-3 7433
29 I11. 43291 0-01020 | 1:7041 | 74-07 14-4 0:00 037 74-35
37 II1. 38649 0-01043 | 1:5095 | 73-99 145 0-06 037 74-22
38 I11. 3-8327 0:01043 | 1-4932 | 74-33 151 007 037 74-65
39 II1. 3:8597 0-01049 | 1:-5053 | 74-18 154 0:07 0-37 7454
23 VII. 38745 0:01394 | 1:3945 | 74-40 15-2 0:00 —_ 74-43
33 VII. 5-6274 0:01334 | 2:0675 | 74:53 145 0-00 — T4-47
21 V. 3:0412 0:-01097 1:1612 | 7412 14-9 0:00 — 7412
31 V. 44577 0:01060 17387 | 74-03 14:0 0-00 — 73:88
Mean value of orifice ITL. . . . . . . .| 74-42
’ ’ s VIL . . . . . . .| 7445
” ” 7 V. Ce e e e e 74: 00
' ’ all experiments. . . . . .| 74:33
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TasrLe XIL—Distilled Water.
Tested about two days after the distillation.

dT
= 099913, — = —0151.
Prais e
| |
Ixperi- Discharge | Sectional Wave- :
ment | Orifice. of area lo f“;i . T 1. [l - [&] Ts.
No. the jet. of the jet. ngth.
cm?i/sec. em?.  om. dyne/em. 0. dyne/em. 'dyne/em. dyne/em,
129 II1. 3-8514 0-01042 | 1-5038 @ 74-07 13-3 0-06 0-37 74-12
130 II1. 3-8516 0-01043 | 1-5000 ’ T4-41 13-6 0-06 0-37 7451
131 VII 5-0647 0-01381 | 1-8424 + 74-36 14-0 0-06 — 74-15
132 VIL 1 50696 0-01380 | 1-8408 = 74-64 142 006 — 7445
|
Mean value of orifice ITL. . . . . . . . Jl 7432
’ ” w VI oo . o0 1 T4-30
|
” ” all experiments . i 7431

TapLe XITT.—Distilled Water.

Tested about one year after the distillation. In the meantime kept in a corked vessel.
dT '

= 099913, —— = —0-151.
P/ i
Experi- Discharge | Sectional ~
ment | Orifice. | of area | WAVC |, I [ | [8) Ty
No. the jet. of the jet. i
B cm?,[sec.  em. eni, dyne/cm, °C. dyne/cm. dyne/é;l;. “ d;r;e/cm

40 I11. 3-7997 0-01037 | 1-4869 | 73-83 19-0 0-06 0-37 74-74
41 IIT. | 3-7450 0-01032 1-4808 | 72-50 18-9 0-06 0-37 7340
42 V. 3-9079 0-01079 | 1-5224 | 73:05 18-6 0-06 — 73-53
43 V. 3-8899 0:01074 1-5068 | 74-03 18-2 0-06 — 7445
44 VII. 4-9899 0-01854 | 1-8226 | 74-39 18-1 006 — 74-80
45 VII. 4-9532 0-01358 | 1-8115 | 74-10 18-0 0-06 — 74-49
Mean value of orifice ITL. . . . . . . .| 74:07
. ., W V.. . . . . . . . 1399
» " s VIL . . . . . . L] T4:64
’ ,  all experiments . . . . . .| 74-23

That the results are almost the same for the three kinds of water is not surprising,
as DUPRE* and Lord RaviricaT have shown that even very considerable impurities

* DuprE, ¢ Théorie mécanique de la chaleur,” p. 376, Paris, 1869.
1 RavLricH, ¢ Roy. Soc. Proc.,” 47, p. 281, 1890 (¢ Papers IIL,” p. 340).
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do not appreciably alter the surface-tension, as far as quite fresh surfaces are
concerned.
As the result of my experiments I fix the initial value of the surface-tension of

water as
T)s = 74°30 dynefcm.

The surface-tension of water has been so often determined, and in so many manners,
that even a moderately exhaustive representation of the results is impossible and,
besides, without great interest, as many of the measurements have but little value. In
Table XIV. are shown the results of a few determinations by the capillary-tube method,
and Table XV. contains most of the results obtained by the .method of capillary ripples.

With respect to the values found by the capillary-tube method, it appears that,
with the exception of QUINCKE'S values, they are all smaller than those found here.
This is quite natural, because it is the stationary value of the surface-tension that is
measured by the capillary-tube method. Under the given conditions this value must
be smaller than the initial value.

The values found by the method of capillary ripples in most cases agree well with
the value found here. They are as follows:—Lord RavreicH, 7435 dynefcm. ;
Dorsey, 7372 ; WatsoN, 7476 ; and KALAuNE, 7422 dynefem. The mean value

for all four is
Ty, = 74'26 dynefcm.

An exception from this, however, is made by GRUNMACH'S measurements (BrOMMER
and LorEwENFELD, who worked exactly in the same manner as GRUNMACH, are not
mentioned here).

GRUNMACH'S measurements divide themselves into two groups, the surface of the
liquid being either the same during the investigation or continually renewed.
Table XV. shows that GRuNMAcH'S value for distilled water in the first case is

T, = 7841 dyne/cm.,
and in the other
T, = 75'89 dyne/cm.

These results are very extraordinary, for two reasons. Firstly, it would be expected
that the former value would agree with the values found with the same method by
other investigators. This, however, is far from being the case, as GRUNMACHS value,
7841 dynefem., is 5'6 per cent. larger than the corresponding mean value; 7426
dyne/em., of the other measurements.

Secondly, it would be supposed that the surface-tension for the continually renewed
surface would be the greater. GRUNMACH, however, came to the opposite result and
found a value 33 per cent. lower in this case.

A satisfactory explanation of this circumstance will certainly demand fresh investi-
gations, and before these are finished it will be difficult to judge of the value of
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GruNMACH'S results. I cannot, however, omit to draw attention to the fact that the
mutual agreement between GRUNMACH'S values is only small.  Within the first group
of measurements the deviation amounts up to 16 per cent., and for the last to 39
per cent.

The lowest of GRuNMACH'S values in the two cases are

T;s = 704 dynefem. and T, = 742 dynefcm.

Both are lower than the values found here.

Loluol.
The value found according to Table X VI. is
T\ = 2876 dynefem.,
in complete agreement with VOoLEMANN’S results, namely,
T, = 2879 dyne/cm.

This was to be expected, as in this case the initial and the stationary value of the
surface-tension must be very nearly equal.

Anilene.
The liquid used was marked “ pure,” but was, however, a little coloured.
The result of the measurements is shown in Table XVI. - The value is
Ty = 4300 dyne/em.
The corresponding value by VOLKMANN is
T, = 44:30 dyne/em.,

also considerably larger. To this may be remarked that VoLRMANN himself estimates
his determination as somewhat uncertain, and, further, that aniline is somewhat
soluble in water, so that there has possibly been formed a layer of water on its
surface. Using the method of the maximum pressure of small air bubbles, FEusrteL*
found Ty, = 46°6 dynefem.

Aqueous Solutions of Ammonia.

Measurements were made on three solutions of ammonia. The values are (see

Table XVI.),
For pi5, = 099030, Ty, = 7125 dynefcm.,

s pisa = 097921, Ty, = 6802 dynefem.,
2 p15//4 - 0.95801, T15 - 64'69 dyne/Cnl.

* FEUSTEL, loc. cit.
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TasLe XVIL
| L Number |
Liquid. . Dens1&y. of from Mes}n value.
Pis4= measure-| o Tis=
. an
ments.
value.

' per cent. dynefem.

Tolwol . . . . . . . . . . . ... . 0-86736 2 0-07 2876
Aniline . . . . . . o000 1-0250 5 050 4300
Aqueous solution of ammonia . 0-99030 4 0-66 71-25
» ” " 0-97921 4 0-75 6802

» ’ » 0-95801 4 0-70 6469
Solution of copper sulphate. . . . ., . . . .| 1:05030 6 0-53 7427
Diluted sulphuric acid . . . . . . . . . . 1-08130 4 1-30 7489
» » »o e e e e e e 1-14316 4 0-89 444

Aqueous ethyl alcohol—

1-13 per cent. alcohol + 9887 per cent. water . 0-99702 4 1-05 6965
3:09 »  +96-91 0-99350 4 0-04 6299
5:79 . 49421 098910 5 0-55 5666
9:50 ,, »  +90:50 ., 0-98374 4 0-40 50-23
25-63 w o FT48T 0, 0-96328 4 0-89 34-98
37-88 » o +62:12 0-94304 4 0-95 3052
46-11 » +53:89 ., 0-92631 4 1-50 28-07
46-34 » +B3:66 ,, 0-92578 4 1-12 28-73
49-22 »  +50-78 0-91952 4 0-98 2657
50-99 »  +49:01 0-91567 4 0-33 27-45
59-37 » +40°63 ,, 0-89841 4 1-28 2655
74-93 »  +2507 ., 0-86012 4 0-59 2551
81-02 » +18:98 0-83522 4 0-90 2457
90-97 w + 9°03 0-81973 4 0-46 23-82
98-04 .+ 196, 079960 8 1-71 2280

For comparison I will take the values found by DomkEe* by the capillary-tube
method. The values of DoMKE and those of the author agree fairly well, as the last,
as could be expected, are all a little larger than the first. If we compare DoMKE'S
values augmented with the difference between the author’s and DomMkE’s results for
distilled water (namely, 74:30—73'00 = 130 dyne/cm.), it appears that the difference
between the two sets of values is not great (see Table XVIL).

LoeweNFELD{ has determined the surface-tension of ammonia by the method of
capillary ripples with surface renewal  His results differ rather much from the
author’s. '

* DOMKE, ¢ Wiss. Abh. d. K. Norm.-Aich.-Komm.,” Heft III., Berlin, 1902.
1 LOrWENFELD, ¢ Diss.,’” Berlin, 1905.
VOL. CCVIL—A. 3D
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TapLe XVII.

a. b. C. b
Prsa- DoMKE. DoMKE + 1 - 30. The author. —o
dyne/em. dyne/em. dyne/cm. dyne/em.
1-000 730 743 7430 0-00
0-9903 692 705 71-25 -0-75
0-9792 665 67-8 68-02 -0-22
0-9580 63-3 646 6469 -0-09

Solution of Copper Sulphate.
Py = 1:0503.

The mean value of the determination of the surface-tension of this solution is found

in Table XVI.,
T)s = 7427 dynefem.

The value is practically the same as for water.

Drluted Sulphuric Acid.

Of diluted sulphuric acid two different concentrations were investigated. The
mean values are (see Table XVI.)

For p; = 1:0813, T); = 74'89 dyne/em.,
,» pis= 114316, T3 = 7444 dyne/em.

The corresponding values, according to GrRuUNMACH (with: capillary-wave method
with renewed surface), are

Tys = 76'5 dynefem. and T,; = 77'8 dyne/cm.

Aqueous Ethyl Alcohol.

Domkr* has given a table of the results obtained by different authors for the
surface-tension of absolute alcohol. ~ The results are reduced to a temperature of
15° by the use of dT/dt = —0'08. The mean value of the fifteen values considered is

T); = 23°1 dyne/cm.

The lowest value is T;; = 22°2 dynefem., the highest is Ti; = 243 dyne/cm.
DoMkE himself found by the capillary-tube method,

Ty = 230 dyne/em.

* DOMKE, * Wiss. Abh. d. K. Norm.-Aich.-Komm.,” Heft III., Berlin, 1902..
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INVESTIGATED BY THE METHOD OF JET VIBRATION. 387

GruxmAcH* found by the method of capillary ripples :—

For absolute alcohol that has not been in contact
with the air and for a continually renewed
surface. . . T = 19°6 dynefem.

For absolute alcohol the surface of Whleh had
been in contact with the air for one half-hour . T;

Il

212 dynefcm.
For absolute aleohol that had for some time been
continually in contact with the air . . . . T;; = 263 dyne/cm.

The author determined the surface-tension of several mixtures of alcohol and water.
The mixtures investigated and the results obtained are shown in Table XVI. The
value of dT/d¢ used by the calculation of the table is determined by the following
formula :—

%ll%? = —(0'151—p. 0 0007)
where p is the percentage of alcohol by weight.

The results are shown in Plate 2 fig. 1, where also the results found by
B. WEINSTEINT are shown. _

With regard to the surface-tension of absolute alcohol it can pretty certainly be
taken that the value determined by this method will very approximately be

Ty = 225 dynefem.,

in complete disagreement with the value found by GrRunmacH, Ti; = 196 dynefcm.,
in the case of continuous surface renewal.

How this great difference is produced must be determined by further investigations
on the subject.

CoNcLUuDING REMARKS.

§ 15. In the use of Lord RavrEiGH'S method for the determination of the surface-
tension of liquids it is necessary to pay attention to the following remarks :—

It 1s necessary to determine either the velocity or the cross-section of the jet by
direct measurement, as the calculation of the velocity from TorRriCELLI'S formula may
lead to great errors.

The greatest care must be taken to obtain jets executing one vibration only,
corresponding to only one value of n.

The amplitude of vibrations must be Very small.

The determination of the wave-length must be performed by suitable optlcal

* (YRUNMACH, loc. cit.
1 WEINSTEIN, ‘ Metronomische Beitrige,” No. 6, Berlin, 1889,

3 D2
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388 MR. P. O. PEDERSEN ON THE SURFACE-TENSION OF LIQUIDS

methods, as the smallness of the amplitudes renders the direct measurement
impossible.

With due consideration of the above remarks, Lord RAYLEIGH s method is a very
good one, and is highly deserving of use in the future on account of its great
fundamental advantages.

With regard to the results obtained in this investigation, the author desires to call
attention to the remarkable discrepancies between his results and those of GRUNMACH,
who used the method of capillary ripplesswith renewal of the surface (see p. 843
above). It was to be expected that the difference between the two sets of values
should be small, and further, that GRuNMAcH's values should be intermediate between
the author’s values and those obtained by the capillary-tube method. But that is
very far from being the case : the differences are rather great, and of a sign opposite
to that expected.

In further application of this method the author would propose to use apertures
with amplitudes between 40 and 0'5 ; for instance, the following set :—

8=40, §=20, §=10, and &= 0°5.

TasrLe XVIIIL.

Liquid. Experiment No. Tys. H. 15 A.

: dyne/em. cm. cm.?
Toluol . . . . . . . 156 28-75 674 0-0064 0-00994
Water . .o 129 7412 696 0-0114 0-01042
9°5 per cent. .xlcohol .o 115 50-05 65-1 0-0175" 0-01058
46 34 per cent. alcohol . 89 28-93 592 0-0352 0-01131
81-02 per cent. alcohol . 71 24-63 638 0-0227 0-01075
9804 per cent. alcohol . 59 22-78 635 0-0135 0-01054
Aniline . . . .o 52 42-86 57-8 0-0550 0-01156

Table XVIIL contains a few results compiled from the above measurements,
illustrating the relation between the cross-section of the jet (A) and the coefficient
of viscosity (u). The table is calculated for orifice IIL.; H is the effective head,
The table shows that the cross-section increases with the viscosity.
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n=2,38,4,6. 0=x=1.
Log pa. Log ps. Log 4. Log .
-00 10-07248 9-47042 9-07248 852842
0-01 10-07247 947042 9-07248 8-52841
0-02 10-07241 9-47039 9-07247 8-52841
003 10-07232 9-47036 9-07245 8-52840
0-04 10-07219 9-47031 9-07242 852839
0-05 10-07203 9-47024 9-07238 852837
006 10-07183 9-47016 9-07234 852835
0-07 1007160 947007 9-07229 8-52833
0-08 10-07133 946996 9-07223 8+52830
0-09 10-07102 946984 9-07216 852827
0-10 10-07068 946970 907209 8-52824
0-11 1007030 9- 46955 9-07200 852820
0-12 1006988 9-46938 9-07191 8-52816
0-13 10-06943 9-46920 9-07181 852812
0-14 1006895 946901 9-07170 852807
0-15 1006843 9- 46880 9-07159 8-52802
0-16 10-06787 946857 9-07147 8-52797
0-17 10-06728 9-46834 9-07133 8-52791
0-18 1006665 9- 46808 9-07119 852785
0-19 1006599 946782 9-07105 852778
0-20 10-06529 9-46753 9-07089 852771
0-21 1006455 946724 9-07073 852764
0-22 1006379 9-46693 9-07056 852757
0-23 10-06298 9-46661 9-07038 8-52749
0-24 10-06215 9-46627 9-07019 852740
0-25 10-06128 946592 9-07000 8-52732
0-26 10-06037 946555 9-06980 8-52723
0-27 10-05943 9-46517 9-06959 852714
0-28 1005846 9-46477 9-06937 852704
0-29 10-05745 9-46436 9-06914 8 52694

PHILOSOPHICAL
TRANSACTIONS
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TaBLE of log u, (x)+ 10 (continued).

Z. Log pa. Log ps. . Log py. Log pe.
0-30 10-05641 946394 9:-06891 8:52684
-0-31 } 1005533 9:46350 906867 8:52673
032 ‘1005422 9-46305 9-06842 8:52662
0-33 10-05308 9:46259 9-06816 8:52650
0-34 10-05191 9:46211 906790 8:52639
0-35 10-05070 946162 9:06762 8:52627
0-36 10°04946 9-46111 9-06734 8-52614
0-37 10-04819 9-46059 9-06706 8:52601
0-38 1004689 946005 9:06676 852588
0-39 10-04555 9-45951 9:06646 8:52575H
0-40 10-04418 9-45894 9:06614 8-52561
0-41 10-04279 945837 9:06582 8-52547
042 1004136 9-45778 9-06550 8:52532
043 10-03989 9-45717 9:06516 8:52517
0-44 1003840 945656 9-:06482 8-52502
0-45 10-03688 9-45593 9:06447 852487
0-46 1003533 9-45528 9:06411 8-52471
047 10-03374 945463 906375 8:52454
0-48 10:03213 9-45396 9:06337 852438
049 ~10-03049 9-45327 9-06299 852421
0-50 10-02881 945257 9:06260 8:52404
051 10-02711 9-45186 9:06221 8-52386
0-52 1002538 9-45114 9-06181 852368
0:53 10-02362 9-45040 - 9-06139 852350
054 10:02183 9-44965 9-06098 852331
055 10-02002 944889 9-06055 8:52312
0:56 10-01817 9-44811 906011 8:52293
057 10-01630 9-44732 9-05967 8:52273
058 © 10:01440 9+44652 9-05922 852253
0-59 10:01248 - 9-44570 9:05877 852232
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TaBLE of log w, (z)+ 10 (continued).
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. Log po. Log ps. - Log pu. Log ps.

60 10-01052 9-44487 9-05830 852212
0-61 10-00854 9-44403 9-05783 852191
0-62 10-00654 9-44317 9-05735 8-52169
0-63 10-00450 9-44231 905687 8-52147
0-64 1000245 9-44143 905637 8:52125
065 10-00036 *44053 9-05587 8-52103
0-66 9-99825 9-43963 905536 852080
0-67 9-99612 9-43871 9-05485 8-52057
0-68 9-99396 9-43778 905433 8:52034
0-69 9-99178 943684 - 9-05379 852010

70 998957 9-43588 9-05326 8-51986
0-71 9-98734 943491 9-05271 8:51961
072 9-98508 9-43393 9-05216 8-51936
0-73 9-98280 943294 9:05160 8-51911
0-74 9-98050 9-43194 9-05103 8-51886
0-75 9:97818 9-43092 9-05046 8:51860
0-76 9-97583 9-42989 9-04988 851834
0-77 9-97346 942885 9:04929. 8-51807
0-78 9-97107 9-42780 9-04869 851781
0-79 996866 9-42674 904809 851753
0-80 9-96622 42566 904748 8-51726
0-81 9-96377 9-42457 904686 8:51698
0-82 9-96129 942347 9-04624 8-51670
0-83 9-95880 9-42236 9-04561 8:51641
0-84 9-95628 9-42124 9-04497 8:51613
0-85 9-95374 -42010 9-04432 8:51583
0-86 9-95118 9-41896 904367 8:51554
0-87 9-94861 9-41780 9-04301 851524
0-88 9-94601 941663 9°04235 8-51494
0-89 9-94340 9-41545 9-04167 8:51463

PHILOSOPHICAL
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TaBLE of log u, (x)+10 (continued).

THE ROYAL
SOCIETY

OF

. Log pg. Log ps. Log py. Log ps.
0-90 9-94076 9-41426 9-04099 851433
0-91 9-93811 9-41306 9-04031 851402
0-92 9-93544 9-41185 9-03961 851370
0-93 9-93275 9-41062 9-03891 8-51338
094 9-93005 9-40939 9-03821 851306
0-95 992732 9-40814 9-03749 851274
0-96 9-92458 9- 40689 9-03677 851241
0-97 9-92183 9-40562 9-03604 851208
0-98 9-91905 9-40434 9-03531 851174
099 9-91626 940305 9-03457 851141
1:00 9-91346 : 940175 9-03382 851106

PHILOSOPHICAL
TRANSACTIONS

\

ya

A

/

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF



http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

, Plate 2.

207

A, vol.

. Trans.,

Phil

P. O. Pedersen.

AV

%

W Z0¢-6 'V

ww 98¢. T (A W 0g8-0 Al

ww yEy-1 0TI

001 06 0% 0L 09 QS 0)7% 0¢ 0¢ 0l 0
0l
—«— sJouyime oy
SOMIBA SUIBISUIGX T
0¢
, N L eh (O N ]
€ 6 --ﬁ:nﬂ”..@“”ﬂ'/nu.o

43 LYM+T0HODTY
1814

ALIIOOS g\ oiovsnval

VvV TVAOY dH.L 1vDIHdOSOTIHd

R AR B |

V. ALIIOOS mZO.hW@mZé._.

Y TVAOY AH L 1vDIHdOSOTIHd



http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

Phil. Trans., A, vol. 207, Plate 3.

1Sen.

P. O. Pede

“10ges qued Jod 96. 1 +1oyoore yued aod $0.96 '8 ST III

“r9yem qued 1od 68.¢¢ +[oqoore qued tod 11.9% L B CIIT

weyeM 9 Sl CIII

PuIUY g ST CTII

“uld Qf

) ¢ ‘ ALIIOOS mZO;U@mZﬁ;

Y TVAOY dH L 1vDIHdOSOTIHd

aerep 7SI CIT

ey e iy Il

-197ea qued 1od 99.¢c +ogoore yued 1od F¢.9F g BLI 1T

ECELT WS I B

ALIIDOS g\ n115vsnvaL

/ TVAOY IH L 1vDIHdOSOTIHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

Plate 4.

>

Plal. Trans., A, vol. 207

P. O. Pedersen.

T

A, .mwm“ q

yep 9 S VY

M g B A

UL Of

) ¢ ‘ ALIIOOS mZO;U@mZﬁ;

Y TVAOY dH L 1vDIHdOSOTIHd

e P SIT (AL

onpy, ¢ Sl Il

'€180-1 = ¢ Dy +'OS§*H & S Il

aegem qued aad ¢. o+ [oyoore qued sod ¢ T ST 10

‘ ALIIDOS 10
U RO AL e e


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

1:545 mm.

& ENGINEERING

MATHEMATICAL,
SCIENCES

PHYSICAL

THE ROYALA

SOCIETY

OF

PHILOSOPHICAL
TRANSACTIONS

1424 mm.

& ENGINEERING

MATHEMATICAL,
SCIENCES

PHYSICAL

THE ROYAL
SOCIETY A

PHILOSOPHICAL
TRANSACTIONS
OF

0-830 mm.

10

Ele. |

ALCOHOL+WATE

1386 mm.

A, 2202 mm.

@

30 100 % Alec.

2:-372 mm.


http://rsta.royalsocietypublishing.org/

—

ig. 5.  Aniline,

II. Fig. 2. 4634 per cent. alcohol + 5366 per cent. water,

Downloaded from rsta.royalsocietypublishing.org

Water.

THE ROY
SOCIETY

[I. Fig. 3. Water.

PHILOSOPHICAL
TRANSACTIONS
OF

III. Fig. 7. 46-11 per cent. alcohol + 5389 per cent. water.
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II. Fig. 4. Water.
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0 cm.

[1I. Fie. 1. 9-5 per cent. alcohol +90-5 per cent. water.

V. Fig. 5. Water.

111 ]‘lf_'f 2. .[I:H(J;'}';\il. p1; = 1:0813.
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A. TFig. 6. Water.

I[1I. Fie. 3. Toluol.

IV. Fig. 4. Water. B. Fig. 7. Water.
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